Dynamics of a bird flock becomes rather unpredictable when approaching the well-aligned states. The flock remains sensitive to changes and makes spontaneous turning, partial breaking and reunifying, while maintaining cohesion. Here, we propose a simple model for a flock that can induce rich dynamics in marginalized ordering states without relying on additional stochastic effects. The model includes acceleration time delay that depends on local orders of a flock. We find that it is the correlation between orders and time delays that controls dynamics of a flock and leads to a variety of non-equilibrium behaviors both in short and long term. Further, we show the emergence of long-term behavioral patterns of a flock such as Brownian motions and Lévy flights. Our results indicate that the long-term behaviors of a natural flock can be the results of local bird-to-bird interactions rather than separate mechanisms based on specific goal-seeking behaviors.
Introduction
A massive number of birds often creates a dramatic spectacle in the sky. The flock is spontaneously turning, breaking and reorganizing into another, without losing cohesion. These changes occur even without external stimuli such as predators, winds or obstacles [1, 2] . Such dynamics with the cohesion is one of most easily observed [3] , but yet challenging to model due to its complexity.
After the pioneering work [4] of Reynolds, various models have been proposed to describe flocking behavior. To describe the collective behavior in a realistic way, three basic effects on individual birds are included: pairwise potential with short-range repulsion, long-range attraction and alignment dynamics [4, 5, 6] . For example, Vicsek et al. [7] developed the model based on assumption that birds move at a constant speed and align their headings to be the average of those of their neighbors. Similarly, Cucker-Smale [5] proposed the N-body model under the influence of veocity coupling. These models present the cohesive behaviors of flocks during maneuvers. Despite their visual similarity to real flocks at a time interval, flocks in these models mostly converge to the fixed alignment state with simple behavior patterns such as translation and milling . They are overly stable settling in an unnatural geometric form and completely insensitive to perturbation.
Natural flocks are ready to react to directional perturbations and swiftly changes configurations while maintaining cohesive formations. There have been various attempts to explain this aspect of natural flocks by considering external factors such as change of the leardership [8] , avoiding predators [9] , efficient food distribution [10] , and heat preservation [11] . No current theory, however, fully explains in terms of the local interactions how flocks are being cohesive and sensitive simultaneously.
Being sensitive to directional purturbation requires the exchange of acceleration information among birds. For example, to determine the turning rate of an individual bird, Szabo et al. considered the average turning rate of others in an acceleration term in the Vicsek-type model [12] . They obtained an order-disorder phase transition by increasing the relative strength of the acceleration. The flock in their model becomes disordered and loses cohesion when the acceleration is dominant. Recently, Attanasi et al. experimentally found that there is a delay that depends on the local orders of the flock and the information when to turn propagates faster if the flock is highly aligned [13] . By adopting an order-dependent delay in the acceleration in our model, what we expect is that the dynamic of the flock becomes both cohesive and sensitive. More specifically, the natural flocking dynamics is supposed to maintain its order parameter high enough, while making other macroscopic state variables such as the group speed and the group size fluctuate in a wide range. This work investigates the possibility that the order-dependent acceleration delay leads to such characteristic non-equilibrium dynamics which we suggest to call a marginalized ordering state.
For the long term behaviors of a flock, the innate random movements of animals are often described by Brownian motions [14, 15] . Lévy flight, which is a mix of long trajectories and short random movements, has been also noted for potential statistical description of foraging movements [16, 17, 18] . While there are some generative models of Lévy flight using stochastic differential equations or probabilistic mean-field equations [19, 20] , few studies have considered non-stochastic and individual-based models to find a possible origin of such long term behavioral patterns. Furthermore, the short term flocking behavior(sudden turning and continual deforming) and the long term flight patterns(Brownian motions and Lévy flights) have been hardley captured together in a unified model.
In this paper, we study the dynamics of a flock in marginalized ordering states by solving the evolution equation of a bird for both the short and the long term flocking behaviors. Our model includes reaction delays of a bird to acceleration of others in addition to three standard behavior rules (alignment, drag force, and pair-potential). The delay is assumed to be dependent on the local orders of a flock: the less the neighbors of a bird are aligned, the slower the bird react to their accelerations. Our model departs from the work of Szabo et al, who considered the case that the time delay is fixed as a constant for all cases. We will show that our order dependent acceleration delay lead to a variety of behavioral dynamics such as sharp turning and spontaneous breaking. Lévy flights also naturally arise from the model without relying on stochastic effects. Our results suggest that there is a physical mechanism based on the local interaction that can unify the short and the long term dynamics of flock behaviors.
Model

Evolution equation
We consider a flock of N birds in open space. Let x i , v i ∈ R 2 be the position and the velocity of a bird i, respectively. The velocity alignment dynamics of a bird i with the reaction time delay is
where H 1 and H 3 are strengths for the velocity and acceleration responses between two birds i and j, respectively, and H 2 is a constant. If H 3 = 0, the model in Eq. (1) reverts to the standard Cucker-Smale type model [21, 22] . A given function for the communication rate is [5, 6] g(s)
where s is the distance between two birds i and j: s = x j − x i . Note that the communication rate gradually decays with the distance. We assume that the damping effect of air drag enforces each bird to move at a constant speed of v i = 1 [23, 24, 25] . We introduce a pair-potential between two birds i and j to maintain birds in a flock in an open space as
where s = x j −x i , C r is a strength of short-range repulsion and l r is an effective distance of the repulsion, C 1 ≥ 0 and C 2 ≤ 0 are coefficients of the long-range attraction[]. The gradient ∇ x i is taken with respect to x i . Unlike the spontaneous adjustment of a bird i to velocities of other birds j at a time t appearing in the first term, it takes time for a bird i to interpret the intention of other birds to change their directions (i.e., to response to the acceleration of other birds). We denote this delay in reaction of bird i as τ i . The barred notations are used to indicate quantities at the delayed times by the time lag
The basic assumption to compute delayed times is that it is coupled with the order of a flock. The time delay that bird i experiences is given by
where κ ≥ 0 is constant. The delayed time, 0 ≤ τ i < κ, is proportional to the disorder of neighboring birds of a bird i; accelerations in the neighbor are perceived faster by a bird when the neighboring birds are better aligned [13] . A choice of κ presents a speciesspecific response of a bird to the change in a flock. When κ = 0, it corresponds to the case where birds react with no delay and extremely sensitive to the acceleration information of others. This case is physically impossible and also makes Eq (1) unstable (see Appendix A for details of the stability in terms of κ). On the other hand, the response of birds becomes slow and insensitive with increase of κ. An excessively large κ leads to physically meaningless results, considering the limited memory capacity of natural birds [12] . The local order is computed as
where f i is a statistical variable to measure the degree of deviation from the perfectly aligned velocity configuration of a flock. We define it by the variance of velocities of birds j within a radius of r 0 , satisfying x j − x i < r 0 , and write it as
where α > 0 is constant. When a flock is perfectly aligned, f i = 0 and when there is no alignment among birds, f i 1. Thus R i is unity in perfect alignment and becomes zero in the disordered state. Figure 1 demonstrates typical configurations of a flock corresponding to various values of R. The local disorder is computed as 1 − R i .
We characterize the macroscopic states of a flock in a dynamic ordering state using the following three parameters. First one is the order parameter computed as the average of the local orders [26, 27, 28] 
Another is a parameter representing the group size of a flock in open space and is given by the mean distance between birds:
Finally, a group speed is computed by the speed of the center of mass of the flock as
The averaged notation with respect to time is also introduced in the following parametric studies:
where t f is the total simulation time. To characterize a realitic flocking behaviour, we use the term marginalized ordering state to denote the evolutionary dynamics where the order parameter remain close to 1, R ≈ 1, while other macroscopic state variables, G and U C , fluctuate in a wide range.
In our simulations, we quantitatively control the coupling strength of acceleration and the time-delay by varying κ while we fix N = 1000, t f = 10 5 (ms), α = √ 10, r 0 = 0.6 (m), H 2 = 0.2, H 3 = 0.12, C r = 1.54 and l r = 0.05 at a constant, unless otherwise stated. We adjust the values of H 1 , C 1 , and C 2 if necessary in the cases under study. 
Results and Discussion
Short-term dynamics of a flock
In this section, we first show a typical example of the short time evolution of a flock with the coupled acceleration. Then we discuss the effect of the coupling strength, κ, on the average order parameter U (Figure 3 ), the mean speed R (Figure 4 ), and the group size G ( Figure 5 ). We use the typical values of the bird number N = 1000, the strength of the velocity H 1 = 0.1, and the strengths of the potential C 1 = 1.5 × 10 −7 and C 2 = 0. We assume that birds are randomly distributed at the initial time. Figure 2 compares the time evolutions of a flock according to Eq. (1) according to the acceleration feedback. The dynamics without the acceleration feedback, with H 3 = 0, is illustrated in Figure 2 (b). Results show that a flock reaches fast the well-aligned states and stays in the same state for the last of the evolution time. This"overly-stable" behavioral pattern at equilibrium is as expected from the results obtained in the standard flock models(Vicsek or Cucker-Smale types). Figure 2 (b) shows the dynamics of a flock with the acceleration feedback, at the equal time interval of ∆t = 1000 ms. In this calculation, κ = 800 is set for a weak coupling with the acceleration feedback. The birds show various shapes of a flock: in some parts, they are less ordered and are making more conflicting flows. It is worth to mention that in this case the shape of a flock is constantly changing as a natural flock while its orientational order is well maintained. (see Supplementary Information Movies for the collective dynamics with the sensitively coupled acceleration, when κ = 100). Figure 3 shows the evolution of the order parameter R, and compares four different systems to illustrate how markedly the order-dependent acceleration effect makes difference in generating the marginalized ordering states. The suggested flocking model with the order-dependent acceleration delay is illustrated in Figure 3 (a). We use the same values of parameters as the case in Figure 2 (b). As we can see, this induces non-equilibrium alignment states of a flock: the order R constantly changes near the perfectly aligned state at R = 1 and never converges to it. This result demonstrates the role of the acceleration term in Eq. (1) in the non-equilibrium dynamics of a flock. Since the instant reaction of birds with no delay induces instability in acceleration, such adaptive delay prevents the system from converging into a formation that is perfectly aligned. This procedure keeps the flock from permanent settling and makes a bird sensitive to others. As a result, it can render sudden turning, partial breaking, individual redistributing and speed adjusting.
In Figure 3 [12] . There is an obvious tendency in all three cases that alignment states converge fast to the well-ordered configuration at equilibrium and remains in that state for the last of the evolution time, as discussed in Figure 2 (a). This indicates that the order-dependent acceleration delay is the essential factor that generates rich collective dynamics, which has not been captured in models like in Figure 3 
During the maneuver of a flock, the change of the alignment state accompanies the changes of both the speed and the size of the flock. In Figure 4 and Figure 5 , we further obtain the evolutions of the speed and the size of the flock, respectively, to quantitatively demonstrate the rich collective dynamics coupled with the adaptive time delay. The systems in Figure 4 Figure 6 shows the average order R at the different values of κ, at the same fixed Parameter setting is the same as in Figure 3 values as in Figure 2 (b). Figure 6 (a) shows that the average order R monotonically increases with κ. Since the delay time increases with κ, the sensitivity to acceleration decreases, making the velocity alignment in the first term in Eq. (1) dominant. If κ further increases, the value of R approaches to unity. In this case, the effect of the coupled acceleration becomes negligible and the collective dynamics is similar to the typical equilibrium dynamics of a flock observed in the model of Vicsek et al. Figure 6 (b) compares the time-dependent evolutions of R at different values of κ = 100 and 800, which clearly show the relation between the sensitivity of birds to the reaction and the non-equilibrium dynamics of a flock formation. Figure 6 (c) and Figure 6(d) show the effects of the κ on the average macroscopic variables of U C and G . A few observations are worthy to note: (i) there is a strong correlation between values of U C and G ; The smaller group travels faster than the larger group on average. (ii) there is also a strong relation between R and U C when κ is large; The smaller group is better ordered compared to the larger group. And (iii) there is a specific value of κ that corresponds the minimum group speed U C and the maximum group size G . The last behavioral feature is commonly observed in natural flocks; A bird flock have primarily two states, a disordered state of low density and a well-aligned state characterized by high density [29] . 
Long term dynamics of a flock
To further understand the flocking behaviors of birds, the long-term evolution of our model is investigated. We focus on the moving path of a flock as a point mass. We discuss the Brownian-like motion and the Lévy fight of a flock, which are commonly observed behavioral patterns of flocks at sufficiently large temporal and spatial scales [17, 30, 31, 32] . Figure 7 shows the trajectory of the centroid of a flock in the open space. The birds initiate their flight at (0, 0) and the unit of distance is a meter. We use the values of parameters the same as in the case in Figure 5 except t f , N , C 1 and C 2 provided in the following. Their centroid has been traced until the final time t f = 2 × 10 7 (ms). In this long-term simulation, we effectively use the limited number of birds, N = 100, C 1 = 7.3 × 10 −6 , C 2 = −3.3 × 10 −5 , and κ = 8, which is set for a similar coupling strength to the case in Figure 3 (the corresponding R is 0.8687). The results demonstrate a smooth random walk, a Brownian motion at large temporal and spatial scales. The inset in Figure 7 magnifies the part in the boxed area. This suggests that a flock as a point mass can travel in rather unpredictable manner, which is a novel behavior in that it is generated from the local alignment dynamics of a flock based on the bird-bird interaction.
In setting the parameters when N = 100, we notice that the number of birds affects On the other hand, the time scale used in the delayed time is accordingly decreased in a smaller flock since the time taken to transfer information to all members in a flock via bird-bird interaction is expected to be shorter than that in a larger flock.
To rigorously claim that the flight path in Figure 7 performs Brownian motions, we investigate its statistical features in Figure 8 . Two exemplary distributions of the spatial increments ∆x of the centroid are illustrated in Figure 8 (a) and Figure 8 (b) for ∆t = 500 (ms) and ∆t = 3, 000 (ms), respectively. We apply the Kolmogorov-Smirnov test (KS test) to compare the measured distribution of ∆x with a normal distribution function. The method calculates maximum distance between the two curves and estimates p-values. The p-values obtained from the data in Figure 8 (a) and Figure 8 (b) are p = 0.4591 and p = 0.9277, respectively, which are greater than the conventional confidence level 0.1. Results indicate that the data likely fit a normal distribution. In addition to KS test, we verify if a proportional relation
is held. This proportional relation between temporal and spatial scales is known to characterize a generalized Brownian motion. The fitted log-log graph in Figure 8 (c) shows that the estimated value of H is 0.425(≥ 0.5), which indicates that the path is a weakly sub-diffusive Brownian motion. We now discuss in Figure 9 the emergence of the Lévy-like flight of a flock at the same assumptions and parameters as the case in Figure 7 except the value H 1 = 0.24 (in Figure  7 , H 1 = 0.1). In this case, the flock has the higher strength for the bird-to-bird alignment dynamics and the computed average order is higher ( R = 0.9276) than the case in Figure 7 ( R = 0.8687). The inset shows the magnification of the boxed area. Unlike the Brownian motion, in Figure 9 the path of the flock centroid consists of clustered circling Figure 9 were made by maximum likelihood methods, and a goodness of fit was tested by KS test. The distribution is fit with the power-law distribution p(l) ∼ l −µ with µ = 2.3.
movements interspersed by long straight segments. During the flights, birds switches from whirling to gliding, and then switches back to whirling spontaneously (see Supplementary material Movie 4) [33, 34, 35, 36] . It is interesting that long-term flight patterns of natural flocks can be also created by the individual based model in Eq. (1). This strongly indicates that the long-term behaviors of a flock are the natural results of bird-to-bird interactions rather than results of extrinsic mechanisms that focus on specific behavioral patterns.
To show that the path in Fiugre 9 follows Lévy flights, we adopt the method of analyzing power law distributions proposed in [37] . According to this method, a cumulative power-law probability distribution function of the spatial displacement is of the form:
where c is a normalization constant. Figure 10 displays the distribution of the displacements ∆l measured in the flight path in Figure 9 at every ∆t = 22, 000 (ms). We use the method of maximum likelihood and the KS test to estimate the exponent µ and the lower bound x min , respectively. The fitted slop in Figure 10 indicates the power law exponent is µ = 2.3. To check the goodnessof-fit of the power law distribution, we generate synthetic data sets from a true power law distribution using the same µ and x min , and calculate the p-value as the fraction of synthetic data sets that pass the KS test. Since p = 0.32 (≥ 0.1) is obtained from this procedure, we can conclude that the Lévy flight is a plausible fit to the flight path in Figure 10 .
Conclusion
We propose a simple model for a flock to investigate the non-equilibrium behaviors in dynamic ordering states. We find that the correlation between local orders and reaction delays is the key factor to create a variety of behavior patterns similar to those found in natural flocks [38, 39, 40] . Since the instant reaction of birds with no delay induces instability in acceleration, such adaptive reaction delay prevents the system from converging into a perfectly-ordered state and retains the system in marginalized ordering states. We also analyze macroscopic features of a flock in terms of the group speed and group shape. Further we show that both Brownian motion and Levy flights naturally occur in our model and their emergence can be understood in the context of bird-to-bird interactions, not in the context of specific goal-seeking behaviors [19] . Results indicate that our model may be used in exploring the long term behaviors of a flock in terms of local interactions of birds without relying on unphysical stochastic effects.
Appendix A: Linear analysis of two-birds system
Equation (1) with the time-lag τ i in response to the acceleration is one example of neutral delay differential equations [41, 42, 43] , where a delay is considered in the terms with the highest order of derivative, i.e. acceleration in our case. While it is a common practice to assume that small delays do not influence the qualitative behavior of solutions in mathematical models, in neutral delay differential equations, however, even small delays can have large effects on stability of the systems [42, 44] .
Here we briefly present the two-bird analysis for the model in Eq. (1) which is simplified with no cohesion potential. Given two birds, i and j in the model in Eq. (1), we assume that they are in a flock flying with the same velocity v i = v j = (v * x , v * y ) T , and the same time lag τ i = τ j = τ . Let s be the distance between two birds, as x j − x i = s. Note that, since the communication function g(s) monotonically deacreases, g(s) grows as two birds are getting closer. Here we treat g(s) as a parameter, assuming that the relative position of two birds s is fixed in the analysis.
From the above setting, we can reformulate the velocity part of Eq. (1) as
We set a solution of Eq. (13) near the aligned formation
where y = (v 1x , v 1y , v 2x , v 2y ) T , y * = (v * x , v * y , v * x , v * y ) T and δy is the infinitesimal displacements from the equilibrium solution. Using the Taylor series expansion, the above Eq. (13) can be linearized about the equilibrium solution as d(δy) dt = J δy + J τ d(δy) dt (15) where δy(t) = δy(t − τ ). Here the Jacobian matrices J and J τ are
We seek exponentially growing solutions of (15) of the form δy(t) = e λt w, w = 0
where λ is complex and w is a vector whose components are complex. Putting Eq. (16) to Eq. (15) 
Let λ Re max denote the largest value of the real part of eigenvalues of the linearlized system. One can confirm that no positive solution of the real part of the eigenvalue exists from the below three equations (20) , (21) and (22) . From the first two equations (18) and (19), we have 
When the coherence of a flock improves the visibility and therefore reduces the reaction delay τ , the susceptibility is inversely proportional to τ in Eq. (24) and increases as τ decreases. In Figure 11 , we see that when a time delay is shorter, the slope at the critical point becomes steeper. This high susceptibility make it particularly easy to induce perturbations inherent in a flock. This analysis gives an insight about how birds in a large flock react as the density of birds increases. Highly-aligned collective motion of birds improves visibility in flocks, resulting in decrease of the delay in mutual reactions. Since birds' instant reaction with no delay induces instability in acceleration, the mechanism involving adaptive delay eventually prevents the system from converging into a formation that is perfectly aligned. The more the birds align and gain coherence, the faster feedback occurs, making the flock unstable. Once the birds or part of them drift away from ordered states, a longer delay in feedback is recovered and it stops deterring alignment. This is the flocking mechanism occurring in the "dynamically ordering" system, and the main factor to create rich dynamics of the model in Eq. 
